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FINAL REPORT

Engines of all sorts, from steam engines to those used
in nuclear power plants, require a knowledge of i
a) the precise location of phase transition lines
b) "exactly” what happens when a material (such as steam)
is moved across a given phase transition line.
This information is essential from an engineering point of
view because only with this information can one hope to have
a truly efficient engine design.
Phase transitions have become an extremely active
field of rescarch because of this need. Engineers, chemists,
physicists, metallurgists, and mathematicians have cooperated

¢ in a multidisciplinary effort to learn new information on

this subject. These efforts can be broadly categorized as
follows:

a) studies focussed on critical point exponents describing
the behavior of a single function as a single variable is
changed.

b) studi focussed on equation of state describing the
behavior of a function when all thermodynamic variables are
changed.

4 The focus of this contract has been category (b), equation
of state. A simple example of an equation of state is provided

by a simple magnet in the vicinity of the Curie temperature TC.
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FIGURE 1. PHASE TRANSITIONS & CRITICAL PHENOMENA.

a) Phase transitions occur at all three solid lines
separating different phases

b) Critical phenomena occur at the single point (PC,TC)
at which the first-order phase transition line

separating gas and liquid phases terminates.
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FIGURE 2. DIFFERENCE BETWEEN CRITICAL POINT EXPONENTS
AND THE EQUATION OF STATE OF A MAGNET

a) Phase diagram of a magnet, showing information
learned by critical point exponents along 2 paths

b) By contrast, the equation of state provides information

in the entire phase diagram near the critical
point (H=0,T=T ).
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The phase diagram of the simple magnet is provided in Fig.2.
There is a line of first order transitions which terminates é
in a critical point at T=Tc’ H=0 where H is the applied
magnetic field. Studies of category (a) concern the !
determination of critical exponents along paths (i) and (ii)
of Fig.2a. For example, if the function in questipn is the

spontaneous magnetization, M = M(H,T), then along path (i)

M = M(H=0,T) ~ t@ (1a)
while along path (ii),
1
M = M(H,T=T_) ~ H /$ (1b)

thereby defining the two critical exponents P and S . Here
we have used the notation t = (T-TC)/TC to denote the reduced
temperature (i.e., t=0 at the critical point).

Studies of category (b) concern the determination of
the function in the entire region near the critical point.
For our example of the magnetization function M(H,T), this
means that we must determine M everywhere in.the region

shown shaded in Fig.2b,

Clearly studies of category (b) provide more information
than studies of category (a), and therefore it is not sur-

prising that they are more difficult to carry out.

from

The principal difficulty stems the fact that

very close to the critical point the material undergoes
fluctuations that are not only characterized by their size

but also are characterized by the fact that the fluctuations




of all wavelengths are simultaneously present. This means
that any approximation procedure of the sort familiar from
solid state physics is doomed to failure.

Our research group has participated in the development
of an approach to the development of a theory of the equation
of state. This approach permits the accurate calculation of !
of the equation of state for a wide range of materials.

Specifically,it hasbee?ound that very near the critical
point, the equation of state of a wide range of materials
is a''generalized homogeneous function"(GHF). A function

of two variables H and t is a GHF if there exist two numbers 5

(called scaling powers) ay and a such that for all positive

t
values of some arbitrary parameter L,

ay

a
fC(LUH, LYt) =L £(H,t) (2)

Specifically, the function f(H,t) is the Gibbs potential.
Since every thermodynamic function is related by a series
of Legendre transformations and partial differentiations
to the Gibbs potential, Equation (2) has far-reaching
implications. Specifically, the magnetization function

M(H,t) is related to the Gibbs potential by the relation

M = [Df(H,t)/)H] at t=const (3)
Therefore from (2) and (3) it follows that M(H,t) is also
a GHF; that is,

a a l-a
MLAH, LYt = L B mu,o (4)




The physical content of Equation (4) is that the
equation of state M(H,t) is constrained rather severely.

To see this, consider the equation of state for a typical
material. This consists of a series of values of M(T) for
various values of H. That is, for each value of H, one must
measure M(T). Such data are shown schematically in Fig.3,
as a family of curves, one for each value of H.

Now Equation (4) implies that the entire family of
curves collapses onto one single curve providing the
experimental data are plotted in a '"scaled form". To see
this, note from (4) that L is an arbitrary number, and there-
fore can be chosen as

l/aH
L = (1/H) (5)

Substituting (5) into (4), we obtain

M(H,t) A a¢/ay
(a7 M(1, t /H ) (6)

But Equation (6) states that if one plots 'scaled
magnetization"

¥oe wonl W
as a function of '"'scaled temperature"

a,/ay

*g

g 2R (7)
then one finds that the entire family of curves in Fig.3a
""collapse'" onto a single curve in Fig.3b.

This single curve is called the '"'scaled equation of

state'" or the "scaling function" for short. The experimental

verification of the scaled equation of state is rather
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Illustration of '"data collapsing" onto a single '"scaled
equation of state'.
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Data collapsing for S different materials onto a single
scaling function. Solid curve = calculations.
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striking, as shown in F.gure 4. Here we have plotted
experimental daEa taken on five widely diverse materials

The first material, CrBrs,has considerable lattice anisotropy
(the coupling strengths in the z lattice direction are

about 17 times we-ker than those along the x or y directions).

The second material, EuO, has signficant second-neighbor |

interactions, and these are probably of the opposite sign

to the nearest-ncighbor interactions. The third material,
Ni, is probably an itinerant electron ferromagnet, while

the fourth material PdsFe is an alloy and the fifth material
YIG is actually a ferrimagnet. All five materials display
data collapsing, thereby providing experimental confir-
mation of the scaling equation of state.

From Figure 4, we sece that all these data fall on

one and only one '"scaling function'"--i.e., all five materials
have the identical scaled equation of state! This fact
suggests that while the equation of state is strongly
dependent on the details of intermolecular interactions

for most regions of the phase diagram, at least near the
critical point it appears to be independent of such details

for otherwise five such widely diverse materials could hardly

obey the identical scaled equation of statel

Such apparent universality has provided impetus for
a variety of calculations during the tenure of this grant.

Specifically, we have developed the method of high-temperature




series expansions in such a fashion that it can be used to

provide information on the equation of state of a wide
variety of materials. Then we have proceeded to calculate
the equation of state and to compare the calculated scaling
functions with experimental data. The calculated function
is shown in Figure 4 as the solid curve, and we note that
the agreement is rather satisfactory--especially consider-
ing the fact that there are no free parameters in the
theory.

It is perhaps not entirely inappropriate to record
the fact that this work has led to invitations to address
three major international meetings:
a) the International Conference on Low-Temperature Physics
b) the International Congress on Magnetism, Moscow, USSR
c) the International Enrico Fermo School of Physics, Varenna,

Italy

So much for studies of ordinary critical points.
It is becoming increasingly appreciated that more complex
materials display much more complex critical points.
For example, Soviet work reported first in the Russian

Journal of Physical Chemistry has stimulated a tremendous

increase in our understanding of such complex materials.
Specifically, the Soviet work considered materials that

consisted of threg¢-component fluids mixed in such proportions

that a '"tricritical point" can occur.
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Subsequent to the early work by Soviet autnors,
triciritical points have been detected experimentally
in an extremely wide range of materials, including not
only multicomponent fluid mixtures but also magnetic
materials, superconductors, liquid crystals, and so
forth.

Our work began with the study of metamagnetic
materials, which are characterized by a sudden discon-
tinuous change in magnetization as a function of applied

magnetic field. These materials are among the simplest

from a theoretical point of view. In partcular, colleagues
from the Division of Engineering & Applied Physics of Yale
University (W.P.Wolf and co-workers) have made detailed
measurements of the equations of state of dysprosium

: aluminum garnet(DAG), one such metamagnet. A natural

E theoretical question is the following: 'can these

;. data be interpreted in terms of a unifying scaling

hypothesis?" To this time, there had been no experimental

tests of the scaling hypothesis at tricritical points.

However in light of the success of the scaled equation
of state at an ordinary critical point, we were optimistic
and decided to analyze the Yale data on DAG. f
We found that the data did indeed collapse onto a |
‘ single curve, but the properties of this curve were more
like thosc of an ordinary critical roint than a tricritical
point. Thus our results remained a mystery until Blume and

co-workers at Brookhaven National Laboratory realized that
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the experimental data were obtained under conditions in
which the applied field coupled to the order paramecter
and thereby moved one off the H-T plane. The experiments
have recently been repcated with a different orientation
or the H field, and the predictions of tricritical
scaling confirmed.

The experimental data are plotted in Fig.5, and the
general phase diagram of a tricritical point is shown in

Fig.6.

In addition to "ordinary'" critical points and
"tricritical points', we have considered the possibility
of even more complex critical points. For example, a
tricritical point occurs at the intersection of lines
of ordinary critical points. This leads to the question
"What sort of critical point would occur at the inter-
section of lines of tricritical points?"

To answer this question, we have developed a classif-
ication of complex critical points that is fairly general
(though probably not sufficiently general to handle the
most complex materials in nature). Specifically, we have
introduced the concept of the "order" of a critical point.
Ordinary critical points are of order 2, while tricritical
points are of order 3 and the point of intersection of
critical lines is of order 4. A metamagnet in the presence
of both a direct and a staggered magnetic field can be

shown to exhibit a critical point of order 4, and we

made calculations of critical exponents for such a system.
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FIGURE 5.

Experimental data of the Yale group on the metamagnetic
material dysprosium aluminum garnet (DAG). The data
collapse onto a single curve, the scaled equation of

state. The data analysis was carried out under the

auspices of this grant.
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A final class of '"realistic materials'" will be discussed.
These are materials which in one sense or another can be
considered to have an effective dimensionality less than 3.
Such materials are likely to become extremely important
in engineering applications. For example, graphite is
in many senses effectively 2-dimensional, and this near
2-dimensionality results in many of its unusual mechanical
properties. Similarly, the search for high-temperature sup-
erconductors has focussed in part upon materials that
are quasi-2-dimensional.

Therefore we have focussed our attention upon a
class of materials in which the interactions between
spins in one lattice direction are R times those in the

: remaining 2 directions. For R very small, the system
is quasi-2-dimensional, while for R very large the

system is quasi-l-dimensional.

Experimental work on materials with R very small
has suggested the possible occurrence of a '"Stanley-Kaplan
phase transition" to a novel low-temperature phase in which 1
there is an infinite susceptibility but no long-range order.

We have developed a set of rigorous relations that

relate the measured properties of the full three-dimensional
system (i.e., R#0) to the two-dimensional system (R=0).
Similarly, we have been able to predict the location of
the crossover from effectively two-dimensional behavior

far above the critical temperature to a limiting form of
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three-dimensional behavior very close to the critical

temperature. This work has led to a joint collaboration

with L.J.deJongh at the Kamerlingh Onnes Laboratorium,
Leiden. deJongh carried out experiments that verified
the predictions of the crossover theory, and the
results were published jointly with the Principal
Investigator in a recent issue of Physical Review

Letters.

In summary, then, we have studicd a wide variety
of materials that are relatively complex compared with
the idealized systems that are usually "first" studied
by theorists. These systems have included materials
such as DAG that display higher order critical points,
and materials that display quasi-l-dimensional or
quasi-2-dimensional order. It has been found that
these materials have an equation of state that obeys

a remarkably simple form when expressed in terms of

the proper variables.
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Analysis of crossover phenomena in quasi-2-dimensional

magnetic materials. A system changes its critical

properties as the critical point is approached arbitrarily

closely, in accordance with certain rigorous results of

Liu and Stanley (1973) and confirmed experimentally by

deJongh and Stanley (1976).
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